Accurate determinations of the MS b-quark mass m b (m b ) from σ e + e − → hadrons experimental data currently contain three comparable sources of uncertainty; the experimental uncertainty from moments of this crosssection, the uncertainty associated with αs (Mz), and the theoretical uncertainty associated with the renormalization scale. Through resummation of all logarithmic terms explicitly determined in the perturbative series by the renormalization-group (RG) equation, it is shown that the renormalization-scale dependence is virtually eliminated as a source of theoretical uncertainty in m b (m b ). Furthermore, such resummation techniques improve the agreement between the values of the MS b-quark mass extracted from the various moments of R(s) = σ e + e − → hadrons /σpt [σpt = 4πα 2 /(3s)], obviating the need to choose an optimum moment for determining m b (m b ). Resummation techniques are also shown to reduce renormalization-scale dependence in the relation between b-quark MS and pole mass and in the relation between the pole and 1S mass.
Introduction
Comparison of theoretical and experimental moments M N , defined by M N = ds s N +1 R(s) , N = 1, 2, 3 . . .
R(s) = σ (e + e − → hadrons) σ pt , σ pt = 4πα
provides a method for determining the MS quark masses [1] . This method, combined with recent BES data [2] (particularly in the charm threshold region) and O α 2 s (mass-dependent) perturbative expressions for the moments M N and for R(s) in the continuum region [3] , has resulted in precision determinations of the MS charm and bottom quark masses [4] .
The MS b-quark mass determined in [4] contains three major sources of uncertainty;
decays [5] . These techniques use the appropriate renormalization-group (RG) equation for each process to determine and resum all logarithmic contributions in the perturbation series that are explicitly determined by the RG equation.
In this paper we extend and apply such techniques to the perturbative series for the b-quark contributions to M N , effectively eliminating their renormalization-scale dependence as a source of theoretical uncertainty. In Section 2, we develop an analysis of the O(25 MeV) residual renormalization-scale dependence characterizing the extraction of the MS b-quark mass from the first four moments of R(s). In Section 3, we demonstrate how this scale dependence is essentially eliminated upon incorporating the closed-form summation of leading and successivelysubleading logarithms within the perturbative series for N = {1, 2, 3, 4} moments of b-quark contributions to R(s). This procedure is also shown to reduce theoretical uncertainties associated with the choice of N , as well as leading to a modest (14 MeV) Renormalization-scale dependence is also shown to exist as a source of uncertainty in the known perturbative expressions relating the b-quark MS mass to its corresponding pole mass [6] and 1S mass [7, 8] . In Section 4 we explore the scale dependence inherent in the perturbative series relating MS and pole b-quark masses. In Section 5, we demonstrate how this uncertainty is resolved by a renormalization-group resummation of this series similar to that of Section 3. Finally, in Section 6 we discuss the reduction of scale uncertainty via comparable renormalization-group resummation of the relationship between the 1S and pole b-quark masses.
Residual Scale Uncertainty of the MS b-quark Mass
Following Ref. [1] , Kühn and Steinhauser [4] express the running b-quark MS mass m b (µ) from moments of the b-quark contribution to the experimentally determined electron-positron-annihilation ratio
and its (MS) field-theoretical analogue
with the perturbative series S N related to Π b q 2 , the b-quark contribution to the vector-current correlation function, via
If one equates the experimental and theoretical moments, one finds that
The series S N is a perturbative series in the QCD couplant x(µ) = α s (µ)/π, where µ is the renormalization scale characterizing M th N :
where the j = {0, 1, 2} [i.e., up to three-loop] MS coefficients of this series [3] (summarized in Table 6 of Ref. [4] ), are tabulated in Table 1. 1 Since S N has logarithmic dependence on m b (µ), Eq. (6) represents an implicit equation that must be solved numerically to determine m b (µ).
The theoretical expression (4) for the moments M N is formally independent of the renormalization scale µ, as expected for this physically-observable quantity.
2 Thus the requirement 0 = dM th N /dµ 2 leads to the following renormalization-group equation for the series S N (µ):
1 Our coefficients T (N) j,k are related to those of Ref. [4] 's Table 6 by T (N)
The alternation in sign follows from the argument of our logarithm in Eq. (7) being the inverse of that for the logarithm in the seriesC N of Ref. [4] . 2 The experimental values for M N are tabulated in Table 7 of Ref. [4] N = 1 where n f = 5 and
For example, one finds from Eq. (8) that the coefficients T
2,2 and T
2,1 satisfy the relations
consistent (modulo round-off errors) with the entries in Table 1 . We are interested in exploring both the residual renormalization scale dependence and the N -dependence of the M S benchmark mass m b (m b ) extracted in Ref. [4] , since each such dependence is a source of theoretical uncertainty. As in Ref. [4] , the series (7) for S N (µ) is truncated after its (known) j = 2 terms. Such truncation necessarily becomes a source of residual µ dependence. Since we are focusing only on theoretical uncertainties arising from such scale dependence, we assume that x(µ) four-loop evolves from its Ref. [4] benchmark value x (M z ) = 0.11800/π to x(10 GeV) = 0.056732, and disregard theoretical uncertainty associated with x (M z ) [and hence x(10 GeV)]. The preferred renormalization scale in Ref. [4] for extracting m b (m b ) is 10 GeV, and as in Ref. [4] , the scale dependence we consider is over the range 5 GeV ≤ µ ≤ 15 GeV In Table 2 , we list the above-described extractions of m b (µ) for µ = 5, 10 and 15 GeV, as obtained from each of the N = {1, 2, 3, 4} moments using values for M exp N from Table 7 of Ref. [4] . 4 The column m b (µ) of Table 2 is just the average of m b (µ) taken over the first four moments. The rms spread of values over the first four moments is
3 See Refs. [10, 11] and Refs. [12, 13] for the coefficients in β(x) and γ(x), respectively. 4 Table 2 numbers for µ = 10 GeV are in agreement with those of Ref. [4] 's Table 8 . (6) via S N (µ) truncated after three-loop terms. All entries are in GeV. The bold-face entry [N = 2, µ = 10 GeV] corresponds to that preferred in Ref. [4] to generate m b (m b ).
One sees immediately from the table that this rms spread of values for m b (µ) increases dramatically with µ, indicative of residual scale dependence. In other words, the error associated with different choices of N is itself a scale dependent quantity.
If Table 2 represents a valid determination of the quark mass, then for a fixed N , the variation of m b (µ) with µ should conform with the RG evolution equation (11) . However, the µ-dependence of m b (µ) as extracted via Eq. (4) is not fully consistent with such evolution. In Figure 1 , we have plotted the µ-dependence of such extracted values for the N = 2 case against the (three loop) RG-evolution following from Eq. (11) for values of µ between 5 GeV and 15 GeV To facilitate this comparison, we evolve from the same value m b (10 GeV) as extracted in Table 2 (in bold). The figure clearly shows a deviation by the µ-dependence extracted from Eq. (4) from that anticipated from RG-evolution. Moreover, this deviation becomes progressively pronounced with increased N . For N = 4, Figure 2 shows the plot of extracted versus RG-evolved µ dependence, which exhibits a substantially larger deviation for large µ, though a somewhat better fit between µ = 5 GeV and µ = 10 GeV. These identifiable remaining scale dependences, both horizontal (N -dependence) and vertical (deviation from RG-evolution), necessarily percolate into estimates of m b (m b ). In Table 3 Similarly, the rms spread over N is just Table 3 :
values listed in Table 2 (i.e., via 3-loop-truncated series S N ). All entries are in GeV. The bold-faced entry [N = 2, µ = 10] corresponds to preferred choices in Ref. [4] . and the scale uncertainty (σ µ ) is just half the difference between the maximum and minimum value of m b (m b ) over a given column of the table. Thus σ N is a measure of horizontal (N -dependence) uncertainty, and σ µ is a measure of vertical (µ−) renormalization-scale uncertainty. For the N = 2 µ = 10 GeV preferred case [4] , both of these uncertainties are indicative of overall 24 MeV theoretical uncertainties in m b (m b ) that devolve ultimately from residual scale dependence in truncating the series S N .
Optimal RG-Improvement of the MS b-quark Mass
As noted in the previous section, the higher order S N (µ) series coefficients T j,j−2 in the series expansion (7) for S N (µ). The procedure of optimal RG improvement [5] involves the summation to all orders of leading and progressively subleading logarithms within a series, a process that has been seen to reduce significantly the renormalization scale dependence in a wide variety of processes [5] . For the case at hand, we wish to include every RG-accessible coefficient T (N ) j,k in the series S N (µ) in order to extract via Eq. (4) an MS b-quark mass m b (m b ) that is free (or nearly so) of the residual scale dependence evident in Table 3 . To do this, we first organize the series (7) as follows:
where
with u = xL amounts to an LL summation when n = 0, an NLL summation when n = 1, and an NNLL summation when n = 2. If we substitute Eq. (20) into Eq. (8), we generate a succession of first-order differential equations for these summations:
Eq. (21) provides the initial conditions S (N )
coefficients of the series S N (µ) [see Table 1 ]. With these initial conditions, Eqs. (22)- (24) can be successively solved, and the optimally RG-improved series is found to be
For
we find from Eqs. (22) and (23) that
and
with
Substituting Eqs. (27) and (28) into Eq. (24) we obtain the solution
with Table 2 . All entries are in GeV.
The extraction of m b (m b ) now proceeds analogously to that in the previous section, except that the series S N (µ) is now in the optimally RG-improved form (25), rather than the truncation
of Eq. (7) to one-, two-, and three-loop contributions utilized in Section 2 (and employed in Ref. [4] ). For a given choice of renormalization scale µ, the values of m b (µ) we extract from Eqs. (4) and (25) are tabulated in Table 4 . As before, the average m b (µ) is over N = {1, 2, 3, 4} values of m b (µ), and the rms spread over these values is given by Eq. (18). These spreads are seen to be significantly less than those of Table 2 . We thus see that the extracted values for m b (µ) from different values of N are in much better agreement when S N is RG-improved. Moreover, the substantial increase of σ N with µ characterizing Table 2 (and indicative of residual scale dependence) does not occur in Table 4 . In Table 4 , σ N is essentially static at 4-5 MeV for µ between 5 and 15 GeV, corresponding to a small fixed theoretical uncertainty associated with the choice for N . Thus, RG-improvement is seen to disentangle (vertical) scale-uncertainties from (horizontal) N -uncertainties, as well as to reduce the magnitude of such N -uncertainties. In contrast to Figs. 1 and 2, the Table 4 The absence of any additional residual scale dependence naturally carries over to the RG-evolution of extracted m b (µ) to m b (m b ). In Table 5 we list values of m b (m b ) obtained by evolution of the value m b (µ) extracted at the scale µ for the indicated moments N . RG-improvement is seen in Table 4 to virtually eliminate the scale uncertainty (σ µ ) evident in Table 3 . The only theoretical uncertainty still evident is horizontal, the σ N associated with different choices of N , and this uncertainty is both small (O(4 MeV)) and static as µ varies from 5 to 15 GeV. For Ref. [4] 's phenomenologically motivated choice µ = 10 GeV, σ N for the RG improved case (Table 5) is less than half the value for σ N when S N is truncated (Table 3 ).
This virtual elimination of residual scale dependence, as evident in Table 5 , also leads to a changed central value for m b (m b ) relative to that of the erratum to Ref. [4] . The central value quoted in the erratum is 4.191 GeV, based on choices µ = 10 GeV, N = 2. The corresponding value in our Table 3 is 4.193 GeV, and the 2 MeV discrepancy is insignificant compared to the erratum estimate of theoretical uncertainty (±51 MeV), or relative to Table 3 's ±15 MeV and ±9 MeV vertical and horizontal theoretical uncertainties associated with the choice of µ and N . The corresponding N = 2, µ = 10 GeV value in Table 5 
where x(µ) = α s (µ)/π and L(µ) = log µ 2 /m 2 b (µ) as before, and where the known series coefficients in the L = 0 limit are [6] T 1,0 = 4/3, A measure of the residual scale-dependence implicit in the determination of the pole mass from the MS mass obtained via Ref. [4] methodology would be the difference between 1. the µ = 10 GeV pole mass obtained via Eqs. (37) and (38) To implement this comparison, we need to know the coefficients T j,k with k = 0 for j = {1, 2, 3}. Since the pole mass is an RG-invariant, dM 
If one substitutes the series (38) into the above equation, and then utilizes the series (11) and (13) for γ(x) and β(x), one finds after a little algebra that
We then can employ the three-loop series
with series coefficients given in Eqs. (39) and (41)- (45) to compare the pole mass obtained from the extracted value m b (10 GeV) to that from the correspondingly RG-evolved value m b (m b ). To be consistent with having three subleading orders in x in series (38), we utilize Eqs. (11) and (13) to four-loop order to evolve x(µ) and m b (µ) [β 3 = 18.8522 [11] , γ 3 = 11.0343 [13] ] from the same x(10 GeV) = 0.056732 reference couplant value [as evolved from an assumed α s (M Z ) = 0.11800] used throughout. Using the µ = 10 GeV, N = 2 value m
b (10 GeV) = 3.651 GeV of Table 2 as a springboard value, and its corresponding value m b (m b ) = 4.19 GeV (Table 3) , we find somewhat different pole masses for different choices of µ:
indicative of 120 MeV residual scale uncertainty. We emphasize that this uncertainty arises entirely from the truncation of the series (38), and is independent of scale uncertainties in the extraction of m b (µ). Had we used the corresponding N = 2, µ = 10 GeV values m b (10 GeV) = 3.665 GeV, m b (m b ) = 4.21 GeV obtained in Tables 4  and 5 via optimal RG improvement, the corresponding pole masses still exhibit virtually the same residual scale uncertainty:
Consequently, there appears to be a surprisingly large 110-120 MeV theoretical uncertainty implicit in the determination of the pole mass from the MS mass m b (µ), an uncertainty devolving ultimately from truncation of the series (38) after its O x 3 terms. In the section which follows, we will optimally RG-improve the series (38) to reduce this residual scale uncertainty by a factor of 15.
Optimal RG Improvement of the Pole Mass
Optimal RG-improvement of the series T [x, L] follows along the same lines as described in Section 3 for the series S N [x, L]. We express the series (38) in the form
with T 0 (xL) encompassing the LL summation (all values of T k,k ), T 1 (xL) encompassing the NLL summation, etc. Since T 3,0 is known [Eq. (39)], the functions T 0 (xL), T 1 (xL), T 2 (xL) and the N
where parameters A -Y are now given by
We now can compare the pole mass obtained via Eq. (37) from the first four terms of the series (51), which include all RG-accessible coefficients,
to the pole mass obtained via the three-loop series (46). If we utilize Table 5 Table 4 ]. The pole mass for the RG-improved case exhibits very little dependence on µ. Thus optimal RG-improvement of the perturbative series (38) is seen to remove virtually all of the substantial (O(110-120 MeV)) residual uncertainty characterizing the relationship between the MS and the pole b-quark mass. Optimal RG improvement of the series W [x, ℓ] is obtained by expressing the series in the form
where (broken curve) compared with the unsummed expression (solid curve). The range considered for µ is the "soft" region advocated in [9] , and M p b = 4.96 GeV is used as an input value.
both the truncated and the RG-improved versions of the series (81). The results of this inversion are displayed in Fig. 6 , and are indicative of a pole mass somewhat above 5 GeV. Once again, however, an O(150 MeV) theoretical scale uncertainty for the truncated case is reduced to a 40 MeV scale uncertainty using the RG improved series. Note that the crossing point in both figures is the soft-µ point at which the logarithm ℓ is equal to zero. It is evident from the initial conditions for W 0 , W 1 and W 2 that the RG summed series and the truncated series are equivalent at this point. 
Conclusions
The procedure for extracting the MS mass from empirical moments M N of R(s) necessarily exhibits dependence on both the choice of renormalization scale (µ) and the choice of moment (N ), as demonstrated in Section 2. Omitting coupling-constant and experimental uncertainties, we have shown that an analysis based upon the Ref. 
The first theoretical uncertainty is associated with a ±5 GeV variation of the renormalization scale µ, and the second reflects the moment dependence in letting the choice of moment N vary from 1 to 4. In Section 3, the perturbative series (7) from which this prediction is obtained is optimally RG-improved via the all-orders summation of that series' leading, next-to-leading, and next-to-next-to-leading logarithms, i.e., the summation of all RG-accessible logarithms in the perturbative series. If input assumptions leading to Eq. (100) are otherwise unchanged, the optimally RG-improved MS mass is then found to be m b (m b ) = 4.207 GeV ± 0.3 MeV ± 4.2 MeV.
As before, the renormalization-scale and moment-dependence uncertainties displayed above are associated respectively with varying µ by ±5 GeV and varying N from 1 to 4. The reduction in this latter uncertainty associated with the choice of moment N is an unanticipated but welcome feature of the RG-improvement developed in Section 3. Indeed, prior to such improvement the uncertainty (σ N ) devolving from varying N is seen in Table 3 to increase quite drastically with µ (σ N = 35 MeV at µ = 15 GeV). After RG-improvement, however, this N -uncertainty is reduced to 4 MeV levels regardless of the choice for µ (Table  5) .
Renormalization scale dependence inherent in relations between the b-quark pole mass and corresponding bquark MS and 1S masses is shown in Sections 5 and 6 to be similarly reduced via optimal RG-improvement of the perturbative series characterizing such relations. Comparison of "RG-unimproved" extractions of the pole mass [Eqs. (49) and (50)] to RG-improved extractions [Eqs. (77) and (78)] for which all input information is otherwise equivalent indicates a reduction from 110 MeV to 8 MeV in the variation of the pole mass with renormalization scale as that scale varies from 4.2 GeV to 10 GeV. Moreover, for the improved case, the central-value pole mass is found to be near the high end of the range for the "unimproved" pole mass. A similar elevation with RG-improvement characterizes the pole mass extracted from the 1S mass, as discussed in Section 6. In Fig. 6 , the summation of RG-accessible logarithms is shown to lead to a less scale-dependent and somewhat larger pole mass extracted from an assumed 4.71 GeV b-quark 1S-mass than would occur in the absence of such RG-improvement. In particular, there is a reduction from 140 MeV to 40 MeV in the variation of the pole mass as the renormalization scale µ varies between 1.5 GeV and 3.5 GeV.
The important point common to all of the cases considered above, however, is that (often-ignored) theoretical uncertainties necessarily follow from the residual renormalization-scale dependence characterizing the truncation of phenomenological perturbative series, and that such uncertainties may be substantially reduced, if not eliminated, by improving such series to include summation of all higher order RG-accessible contributions. Such resummation techniques should thus prove to be of increasing value as phenomenological and experimental inputs into b-mass determinations become more precise.
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